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1. INTRODUCTION 
We say that two nonconstant meromorphic functionsf(z) and g(z) share the 
value a provided that f(z) = a if and only if g(z) = a; we distinguish among 
shared values CM (counting multiplicities), shared values IM (ignoring multi- 
plicities), and shared values DM (when the value is assumed at least once with 
different multiplicities). Unless stated otherwise, all functions will be non- 
constant and meromorphic. 
In the 192Os, Nevanlinna proved [5, pp. 109, 1221: (i) iff, g share five values 
IM, then f = g, and (ii) if f, g share four values CM and f # g, then f is a 
fractional linear transformation of g and two of the values are lacunary. Since 
his book [5], except for Cartan [2] and Ahlfors [l] the literature seems void of 
results on shared values until 1970, after which some specific questions were 
answered ([3] has a list of references). In one such study, Rubel and Yang 
proved: 
THEOREM A [6, p. 1011. If an entire function f and its derivative f’ share two 
finite values CM, then f = f ‘. 
This paper is concerned with what can be said when f and f’ share finite 
values. 
2. STATEMENT OF RESULTS 
For one nonzero shared value there is an interesting representation. 
THEOREM 1. f and f’ share the value a # 0, 03 IM if and only if there is a 
nonconstant entire function h such that 
f = a(1 + h/h’), (1) 
where h has only simple zeros and h”(z) = 0 implies either h’(z) = 0 or h(z) = 0. 
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Remarks. a is shared CM o h”(z) = 0 implies h’(z) = 0. If h = ce-e + k, 
c #O, then f =f’. 
COROLLARY 1. Iff is entire, then f andf ’ share a # 0, 03 IM if and only if there 
is a nonconstant entire function 01 such that 
f=a(l+Jg), 
where 01’(z) = 0 implies s” ea = 0. (Note: a is shared CM Q 01 = s” ee for /3 
entire.) 
Examples of Form (1) 
(i) h(z) = (1 /A) eAz + Bz + C; A # 0, B + exp(l - AC/B) # 0 if 
B # 0, a arbitrary. 
(ii) h(s) = cash z, a arbitrary (this is example (2) below with a = A and 
B = -1). 
(iii) h(z) = AeBr + C; A, B, C all #O, a arbitrary (f entire). 
Rubel and Yang [6] state that they do not know what can be said if, in the 
hypothesis of Theorem A, the word entire is replaced by the word mesomorphic, 
or if CM is replaced by IM. If both are replaced simultaneously, then f = f’ is 
not always true, since 
f(z) = G, A # 0, B # 0, 
shares 0 (lacunary) and A (by DM) with f’. 
We prove: 
THEOREM 2. If f is entire and shares two finite nonzero values IM with f’, then 
f=f’. 
THEOREM 3. If f shares three jinite values IM with f’, then f = f’. 
THEOREM 4. (i) If f shares a = 0 and b # 0, co CM witk f’, then f = f’. 
(ii) If f is entire and shares a = 0 CM and b # 0, CO IM with f’, then f = f ‘. 
If f and f’ share 0 CM then 0 is lacunary (if  is also entire then f = exp(J” ea) 
for 01 entire). 
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Open Questions 
1. Does there exist a meromorphic f that shares two finite nonzero values 
CM with f’ such that f ff’ ? 
2. Does there exist an entire f that shares 0 and 6 # 0, cc IM with f ‘, such 
that f #f’? 
3. LEMMAS 
It is assumed that the reader is familiar with Nevanlinna theory and its 
notations T(Y, f), m(r, f), N(r, f), etc., as found in [4]. It will be convenient to 
let E denote any set of finite linear measure on 0 < r < co, not necessarily the 
same set each time it appears. 
LEMMA 1. If there are constants A > 0, K > 0, so that as r + co outside E, 
(A + o(l)) T(r,f) d W,f’) <(K+ o(1)) V>f)v 
then for any finite complex numbers a, , a2 ,..., a, , 
as r--t Co, T $ E. 
COROLLARY 2. Same hypothesis * &m a(c, f) < m(O, f ‘). 
LEMMA 2 [3, Theorem 21. If f, g share {ai}: IM, then as Y + SC) outside E, 
T(r,f)=(l +o(l))T(~,g)and~~=,m(r,a~,f)=(2+o(l))T(r,f)(andsinti- 
lady for g). 
LEMMA 3 [3, Theorem 31. If f, g share three wakes IM, then as I + CO, 
Y 4 E, T(y, f) < (3 + o(l)) T(r, g) and W, d < (3 + 41 )I W, f ). 
Proof of Lemma 1. If F = Cl (f - a&l, then from [4, p. 331 and Nevan- 
linna’s fundamental estimate of the logarithmic derivative, 
~m(r9ai9f)<m(r,F)+0(1)<m(r,f’,0)+o(l)T(~,f) outside E. 
1 
Dividing by T(r, f ‘) and using the hypothesis will give the result. 
4. PROOFS OF THEOREMS 
Proof of Theorem 1. Sufficiency is easily seen, because if f is of the form (l), 
then 
f’ = a(1 - hh”/(h’)2). 
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To prove necessity, suppose f and f’ share a # 0, co IM. Then the function 
a 
f-a 
is meromorphic with only simple poles of residue 1. Therefore, there is a non- 
constant entire function h with only simple zeros such that 
Q.E.D. 
Proof of Theorem 2. Suppose that f f f ‘. Let a, b be the two shared values 
and set N,,(r, f‘If, I) = N(r, f ‘If, 1) - N(r, f, a) - N(Y, f, b). Since 6( CO, f) = 1, 
Nevanlinna’s fundamental theorems and estimate give (for Y # E) 
(1 + o(1)) T(r,f) < ix’(y,f, a) + Wr,f, b) i- &(r,f ‘if, 1) 
= N(r, f’if 1) < T(r,f ‘if) + O(1) 
< N(r, f, 0) + o(l) T(r,f) d (1 + o(l)) T(r,f). 
Since N(r, f, a) + N(r, f, b) 3 (I + o( 1)) T(r,f ), this means that 
N(r,f, a) + W,f, 6) = (1 + o(l)) T(r,f) (3) 
and 
w,f’lf, 1) = o(l) T(r,f) outside E. (4) 
The hypothesis of Lemma 1 is satisfied with A = + from Lemma 3 and K = 1 
since f is entire. Hence (3) 3 N(r,f’, 0) = o(1) T(r, f ‘), r # E. Then m(~,f’, C) 
= (1 + o(1)) T(r,f’) for c i 0, cc (r 6 E), from the second fundamental 
theorem. 
Now consider the function 
f-a f’-b 
s” =.F;f-. (5) 
Outside E, 
N(r, g, 0) = A+-, f ‘, b) - A+, f ‘, b) = o(l) T(r, f ‘), 
A+-,g,~o)=N(r,f’,a)-R(~,f’,u)=o(l)T(r,f’). 
On the other hand, g(x) = 1 exactly when f(z) = f ‘(z) = f “(z) = a, f(a) = 
f’(a) =f”(x) = b, orf(z) ==f’(z) f a or b. Hence N(Y, g, 1) < No(r, f ‘If, 1) = 
o(1) T(r, f), r 4 E, from (4). Th e second fundamental theorem combined with 
the above and Lemma 1 gives T(r, g) = o(l) T(r, f ), Y # E. By (5), 
.f, _ kg -- b)f -t aW - d 
(g--1)./-+-a-k ’ 
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By arguing as in [4, p. 471 it is easy to show that T(Y, f) < (1 + o(1)) T(r, f’), 
r 4 E. Hence T(r,f) = (1 + o(1)) T(r,f’) outside E. But then (3) implies 
R(r,f’, a) + N(Y,~‘, b) = (1 + o(l)) T(r,f’) outside E, which is impossible. 
Therefore f = f ‘. 
Pyoof of Theorem 3. Suppose f ff ‘. Let the four shared values be {ui}t, 
where a4 = co. By Lemma 2, T(y, f) = (1 + o(l)) T(y, f ‘) and zt N(Y, ai , f) = 
(2 + o(l)) T(y,f), and similarly for f ‘(y $ E). 
If 0 is not a shared value, then by the second fundamental theorem, 
(2 + o(l)) T(y, f) < i N(y, a, ,f) + mhf) - *r(y,f’, O)
= i rn(r, a, , f) - N(Y, f ‘, O), y 4 E, 
1 
which implies the contradiction N(Y, f’, 0) = o( 1) T(y, f ‘), Y $ E. 
If a, = 0, then outside E, 
(2f o(l)) T(y,f) =&,f,ui, <&,f,o)+m(r,f, a) +N(r,f’if, 1) 
< N(r, f, o) + iV(r,f, a) + T(r,f ‘if) + o(1) 
< 2W(y,f, 0) + 2rn(qf, co) + 41) W,f) 
< (2 + o(l)) T(y,f’)- 
Hence m(r, f, 0) + N(y, f, co) = (1 + o( 1)) T(Y, f), which means N(r, f, 4 f 
W,f, 4 = (1 + 4)) Wtf). n en Lemma 1 * N(r, f’, 0) == o( 1) T(r, f ‘), 
which implies the contradiction N(Y, f ‘, CD) = (1 + o(l)) T(r, f ‘), r$ E. 
Proof of Theorem 4. (i) Assume f f f ‘. Since 0 is lacunary, Lemma 3 and 
Nevanlinna’s fundamental results give (Y $ E) 
(I + o(1)) T(y, f ‘) < N(r,f’, b) + x(y,f’, ~0) d Ny,f’/f> 1) + m(y,f ‘9 =‘) 
< T(y,f’/f) + m(y,f’t ~0) + o(1) 
< 2N(y,f’, co) + o(l) T(y,f’) < (1 + o(l)) T(y,f’)t 
2N(r,f’, co) = (1 + o(1)) T(y,f’), 21v(r,f’, 6) = (1 + o(l)) T(y,f’). 
(1 +o(l))T(y,f’),<N(~,O,f’)+~~(y,~,f’)+~(y>f’~ a)--(y,f”,O), 
N(y,f”,O) co(l) T(r,f’). 
By Lemma 3.1 of [4, p. 601, 
N1(r, f + z) < &(Y, f + z) + qy, f ‘, 0) -k &(y, f n1 0) + S(yt f + 4. 
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Since N(T,~, 03) - N(r, f, co) = o(l) T(r, f’), r $ E, this means iVJr,f, CO) = 
o(l) T(r,f’), Y 6 E, which implies the contradiction R(Y,~‘, 00) = o(l) T(r,f’), 
Y $ E. This proves (i). 
(ii) 0 and co are both shared lacunaries. Iff # j’ then outside E 
(1 + o(l)) V,f) = mfv 4 < W,f’lf, 1) 
< V,f’/!f) + O(1) = m(yLf’lf> + O(1) 
= o(l) T(r,f), 
which proves (ii). 
Note added in proof. E. Mues and N. Steinmetz [Manuscripta Math. 29 (1979). 
195-2061 have recently shown that the answer to open question 2 is no, and have proven 
Theorems 2 and 3 by different arguments than those used in this paper. Our proof of 
Theorem 3 is shorter because we apply Lemma 2. 
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